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ABSTRACT

A fault-tolerant manipulator can be expected to perform a desired task even if a joint actuator fails.
When a manipulator experiences a joint actuator failure, it can be considered as an underactuated
mechanical system. An underactuated serial-link manipulator can be controlled by using the coupling
effects between links. The control goal to be studied in this paper is to move the end-effector from a
given initial pose to a specified final pose, after a single joint failure has occurred, where the given
robot has at least two degrees of redundancy. The proposed controller is designed based on a reduced-
order model. The control scheme first moves the actuated joints to the desired positions. An iterative
control input is then applied to an actuated joint so that the unactuated joint is asymptotically driven
to the desired joint position. The control approach is illustrated by simulating a PUMA 600 Arm.
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1. INTRODUCTION

A serial-link manipulator can be termed underactuated if the number of actuators is less than
the number of joints. Thus, an underactuated manipulator system has a fewer number of
control inputs than the number of joint position variables.

The dynamic model of an underactuated robotic manipulator can be decomposed to the
motion equations with input and those without input. The latter equations represent second-
order nonholonomic constraints [9], which make it difficult to directly reduce the number of
the generalized coordinates.

The nonlinear manipulator dynamical model can be written in the form z = f(x) + g(z)u,
where z is the system state, and u the input to the system. The differentiable functions f(x)
and g(z) are the drift term and the control matrix, respectively. Furthermore, one of the
basic properties of the overall system model, the controllability, cannot be guaranteed [6]. The
accessibility of the overall system can be shown using Lie algebra [8]. When the system model
contains a drift term, the accessibility does not imply controllability [13]. As a consequence
[2], the underactuated manipulator system is not asymptotically stabilizable to an equilibrium
point using a time-invariant continuous state feedback.
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The controller design of an underactuated manipulator system indeed poses a challenge : even
though a manipulator has one or more of the joints unoperational, i.e., it is underactuated, the
robotic manipulator should be able to perform a specified task. Several approaches to control
an underactuated manipulator have been proposed [6, 15, 7, 1]. These approaches include
energy based schemes [15], the use of nonlinear control models [7], nilpotent approximations
[6, 1], and kinematics with path planning [14].

An energy based approach uses saturation functions and energy shaping; it is applied to
the control of a two-link Acrobot and a three-link Gymnast robot in [15]. The presence of
gravity terms in the Acrobot and the Gymnast robot models make the linearizations of the
system dynamical model around their equilibrium points locally controllable. On the other
hand, in the absence of the gravity term, the linearization of the system dynamics around
an equilibrium point contains uncontrollable modes, and the system cannot be asymptotically
stabilized by a constant gain linear state feedback [9]. However, an iterative control can be
applied to achieve convergence to the desired state [6]. To design iterative control schemes,
nonlinear approximations of an underactuated manipulator model can be used : an example of
this approach is a nilpotent approximation used in the design of a control for a planar two-link
revolute robot whose model contains a drift term [6]. In [6], the control scheme is designed for
a two-link manipulator. The approach described in this paper uses a reduced-order model to
achieve the control of an n-link manipulator.

When a redundant manipulator has an unactuated joint due to an actuator failure, it can be
operated as a locked-joint arm or as a free-swinging arm. It still should be able to accomplish
its task, and thus be fault-tolerant. One approach to fault-tolerance is based on planning
a fault-tolerant trajectory for the manipulator [10]. A fault-tolerant trajectory is defined as
a trajectory ¢(t) such that there exists an alternate trajectory ¢*(t) for every time instant
t. An algorithm can be constructed that iteratively searches for a fault-tolerant trajectory
among all the acceptable postures at each time instant; an acceptable fault-tolerant trajectory
is generated. For a slow-moving manipulator, an approach to a fault-tolerant operation of a
manipulator can be based on the kinematics of the redundant manipulators; In this framework,
a fault-tolerant configuration is determined in [3], but the dynamics of the manipulator are
not taken into account.

This paper will discuss the dynamic control for a serial n-link underactuated manipulator.
The underactuated operation can result from the failure of a joint actuator. The dynamics of
the underactuated manipulator will be described by means of a reduced-order model [5, 12].
This model is used to design a controller, which moves the end-effector from a given initial
pose to a specified final pose.

The paper is organized as follows. The reduced-order model for an n-link underactuated
manipulator is first described. The control problem and the proposed two-phase control scheme
are outlined. The motion of a general n-link manipulator after a certain time is constrained
on a horizontal plane. The conditions on such a manipulator motion are discussed. Simulation
results for a PUMA 600 manipulator illustrate the proposed control approach.

2. REDUCED-ORDER DYNAMICAL MODEL

The dynamical model of an n-link manipulator can be expressed as
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T=D(q)§ + C(¢,d)¢ + G(q)
where the ith component ¢; of the n-vector ¢ is the position of joint i, and 7 = [r1,..., 7,]T
the (generalized) input torque. If joint 4 is unactuated, the equations of the model can be
rearranged so that the last component of the n-vector ¢ is ¢;. Then, the model is

T=D@q + C(a,97 + G(q) (1)
where the n-vectors 7 and G(g), and matrices D(q) and C(g, ¢) result from 7, G(q), D(g) and
C(q, ), respectively, after the rearrangement of the equations. To simplify notations, define the
set S4 = {i|joint ¢ is actuated} and Sp = {7 | joint ¢ is unactuated}. It is now convenient
to write ¢ = [¢] qp]T and 7 = [r] 5], where qa, T4 are (n — 1)-dimensional vectors
associated with the actuated joints, and qg, T are scalar variables of the unactuated joint.
Thus, the model in equation (1) for a manipulator with a free-swinging arm can be expressed

as
l:TA:|:|:DAA DAB:||:Q'A]+{CAA CAB][QA:| [GA:| )
0 Dpa Dpp 4B Cpa Cbsp qB Gp

The submatrices Daa, Dap, Dpa and Dgp of D(g) have dimensions (n — 1)x(n — 1),
(n — 1)x1, 1x(n — 1) and 1x1, respectively. Similarly, the submatrices Cya, Cap, Cpa and
Cpp of C(q,7) have dimensions (n—1)x(n—1), (n—1)x1, Ix(n—1) and 1x1, respectively. The
(n — 1)-vector G4, and the scalar G represent the gravity effects on the links corresponding
to the actuated joints and the unactuated joint, respectively.

The n-dimensional vector ¢(t) can be transformed to an (n — 1)-dimensional pseudovelocity
vector v(t) by means of the transformation matrix II = [[I% TI5]7, where 114 and Ilg are
(n —1)x(n — 1) and 1x(n — 1) submatrices of II, respectively. Thus,

FAERENE @

The reduced-order model for the n-link underactuated manipulator can then be expressed
as

7, = D,v + C,v + G, (4)
where 7, = 77, D, = NTDII, C, = N7 (DI + CI) and G, = II7G. Equation (4) is
the set of m ordinary differential equations representing the reduced-order dynamical model
of an underactuated serial-link manipulator in which the joint i actuator is not functioning.

The number of links n is equal as the DOF of the joint space of the manipulator. The m
variable can be regarded as the DOF of the task space. As such, m varies according to the
task to be performed. In this paper, m is not necessarily restricted to the DOF of the entire
task but may be set depeding on the definition of a particular subtask.

3. STATEMENT OF THE CONTROL PROBLEM

The end-effector pose of a manipulator will be denoted by the vector p € R™, where m is the
degree of freedom (DOF) of the task, i.e. m is the number of variables specifying the task. The
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DOF of a manipulator n is the number of joint position variables. A manipulator is redundant
for a specified task if n, the DOF of the manipulator, is greater than m, the DOF of the task.
The degree of redundancy (DOR) is defined as r = n — m.

The control problem is as follows : the end-effector of a redundant manipulator with DOR
7 is to be moved from an initial pose p(0) to a specified final pose pe(ts), where t; is a
specified time signifying the end of the motion. The redundancy allows the manipulator to
perform the desired task even if it is underactuated due a joint actuator failure. The initial
pose p(0) determines the initial joint position ¢(0). Assuming a solution exists to the kinematic
equations, the final pose p?(ts) specifies the final joint position ¢?(ts).

4. CONTROL STRUCTURE

For a two-link planar revolute manipulator moving on a horizontal plane and having an
unactuated (second) joint, the second link can be driven to the desired joint position by an
appropriate iterative control input applied to the actuated first joint [6]. In order to constrain
the motion of the unactuated link to a horizontal plane in an n-link underactuated manipulator,
certain conditions must be satisfied. These conditions represent constraint equations. The
manipulator forward kinematic equation, in general, can be written as

p = f(q) (5)

where the function f : ¢ — p relates the joint position ¢ to the end-effector pose p. Thus,
the desired manipulator configuration ¢%(t ¢) must satisfy the forward kinematic equations
pl(t;) = f(¢?). The additional constraint equation will first be determined in the form
h(q) = 0241 . Assuming a solution exists, then the desired configuration g4(ty) satisfying the
kinematic and the constraint equations can be calculated.

The control scheme will be constructed in two parts [6]; namely, phase 1 and phase 2. The
approach is hinged on the dynamical control of the manipulator. Furthermore, the failed joint
will be free-swinging as opposed to being locked [14].

During phase 1, the actuated joints are moved to the desired joint position ¢4 (¢s). At the
end of phase 1 at time t = T4, qga(Th) = q%4(ts), da(Ty) = O(n—1)z1, Where Ty is a
specified duration of phase 1, and 0(,_1),1 denotes the (n — 1)x1 zero matrix. In general
q(Th) # qi(ty) and §p(T1) # 0.

In phase 2, the control is chosen to be cyclic. The motion of the actuated joint (link) is
such that at times t = 17+ T, Ty + 2T, ..., signifying the end of the cycles, vector ga(t)
has the value of ¢%(t;) and ¢a(t) = O(n—1)z1, Where T" is the length of a cycle. The chosen
control drives the unactuated joint (link) is cyclically by the coupling effect so that ¢p(t) moves
towards q%(t¢) and ¢p(t) to zero, for t > Tj.

The constraint equations necessary to achieve fault-tolerance for an n-link redundant
manipulator will be derived next. Then, the details of the two-phase control algorithm will be
presented.

4.1. Constraint Equations

The constraint equations on the motion of a serial n-link underactuated manipulator will be
derived by considering that the unactuated link will be constrained to move on a horizontal
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plane = = pl(ts) for t > Ty, where pi(t;) is the desired z-coordinate of the end-effector
position.

In a two-link underactuated manipulator, an appropriate input to the actuated joint (joint
one) can drive the unactuated second joint iteratively to the desired position. In order to
apply a similar approach to an n-link underactuated serial-link manipulator (n > 3), the
underactuated link , after time 77, should be moved in the horizontal plane z = pd(ts). It is
accomplished by satisfying two conditions on the motion during phase 2.

Condition (i) : Only one actuated joint and the unactuated revolute joint of the manipulator
are moved during phase 2; the other joints are maintained at zero velocities with the
appropriate joint torque inputs.

Condition (ii) : The axes of the motion of the two joints with nonzero velocities must be in
the vertical direction. The second condition guarantees that motion of the unactuated link is
constrained in the horizontal plane. The constraint equation for condition (ii) is derived next.

In Figure 1, the axes of the world coordinate frame are the xg-axis, yg-axis and zy-axis, and
the axes of the (i — 1)th coordinate frame are the x;_;-axis, y;_1-axis and z;_i-axis, where
joint ¢ is the unactuated joint.

(i — 1)th coordinate frame

Yi—1

Yo
Oo
world coordinate frame

Ty

Figure 1. Selected Points on the z;_;-axis

The rotation of link 7 is about the z;_1-axis. Assuming the zp-axis is oriented in the vertical
direction, the axis of motion of the unactuated joint will be in the vertical direction if the
zp-axis and z;_q-axis are parallel. The z;_;-axis will be parallel to the zp-axis if two distinct
points péfl and plfl on the z;_1-axis have the same z-coordinates and the same y-coordinates
in the world coordinate frame. First, two points on the z;_i-axis are selected:
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py = 100017, pit =0o011" (6)

It is noted that the superscript (i — 1) signifies the reference coordinate frame. Then, pffl
is the origin, and plfl is a point on the z;_j-axis in the (i — 1)th coordinate frame.

The transformation matrix A;(q) converts the coordinates of a point expressed in the ith
coordinate frame to the coordinates of the same point in the jth coordinate frame [4]. Points
péfl and p?fl can be expressed in the world coordinate frame (i.e., in the zeroth coordinate
frame) as follows:

p = Ay H(a)po pi = Ay (@py (7)
where the superscript w denotes the world coordinate frame. If p¥ = [z y¥ 2¥ 1]7 and
p¥ = [2% y¥ 2z 1]7, then the z;_j-axis is oriented vertically when

af —xg = 0, yi —y =0 (8)

From equation (6), pi™' — pi™* = [0 0 1 0]T. Using equation (7) gives
pi = = AT @ [ - pp ] (9)
In order to satisfy the equations in (8), the x and y components of (p{’ — py) are set to

the zero. Thus, equation (9) yields

[8] - [(1) !0 8}%_1@ [P = ] (10)

Equation (10) represents the motion constraint that forces the z;_;-axis to be in the vertical
direction. Alternatively, the constraint equation (10) can be written as

h(g) = [hl(q) ] = Oam (11)

where 0g,1 denotes the zero vector, hi(q) and ha(q) represent the (1,3) and (2,3) elements,
respectively, of matrix Affl (q).

Since the task is specified by the m-vector p, and the manipulator motion must satisy
two additional constraint equations, determining the joint position ¢ from p = f(g) and
h(qg) = 02,1 requires solving (m + 2) equations. In order to have a well-posed problem, the
DOF n of the manipulator must be n > m + 2. Therfore, the DOR should then be r > 2.

Assuming that DOR r > 2, solving the manipulator kinematic equation (5) subject to
the constraint equation (11) will yield the desired manipulator configuration that forces the
unactuated link to move on a horizontal plane. Thus, the solution to p?(t;) = flg?(ts)] and
hlg(ts)] = 021 gives the desired joint position ¢%(ts).

The control problem of moving the end-effector to the desired pose p?(t £) will be solved in
two phases. The next sections will describe phase 1 and phase 2 of the control scheme. During
phase 1, the actuated joints are moved to the desired joint positions qi(Tl). In phase 2, the
unactuated link is driven to the desired joint position ¢% (¢ #) by means of the coupling effects.
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4.2. Control in Phase 1

The motion during phase 1 consists of moving the actuated joints from position g4(0) to
the desired position g4 (7T1) = q4%(ts) in time T7. The initial and the final joint velocities are
4a(0) = 0(p—1)z1 and q4(Ty) = O(n—1)z1, respectively. The value of gg(71) will be arbitrarily
in the allowable range.

The control steps in phase 1 are :

1. The joint velocity profile ¢4 (¢) is first chosen for the actuated joints.

2. Let the v-space velocity represent the joint velocity of the actuated joints, i.e.,
v(t) = qalt). . o

IT4(t) in matrix IT = [II} IIE]" is calculated by the first n — 1 rows in equation (3).
IIp(t) is determined using equation (3) and the last row of equation (2).

7, is computed from the inverse dynamics by means of the reduced-order model in
equation (4).

6. Using IT* 7 = 7, the joint torque 7 is calculated; 7 must then be generated by the joint

actuators.

G o

The details of the phase 1 method will now be discussed.

For the specified motion of the actuated joints, the desired velocity profile ¢¢(¢) for joint i is
chosen as shown in Figure 2, where h; = [¢¢ — ¢;(0)]/(0.8T1),i € Sa. The corresponding
desired joint acceleration profile G&(t) for i € Sy is then also specified.

G (L) ws. time

-
.
T
I

(£)im/s]

g

0 0.2T1 0.8T1 T
time[seconds]

Figure 2. Desired Joint i Velocity for Phase 1,7 € Sa

Since the immediate concern during phase 1 is the motion of link 4, Vi € S4, the dimension
of the task space in phase 1 is the number of actuated joints, i.e., the DOF of the task space
ism = n — 1. Therefore, the order of the dynamical model can be reduced for the controller
design. The resulting reduced-order model will then be used to design the control for the
manipulator motion.

The (n—1)-dimensional vector v(t) is chosen so that v(¢t) = ¢a(t). Hence, the corresponding
desired velocitities satisfy

vI(t) = dalt) (12)
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The desired pseudospace acceleration ©%(t) and position u?(t) can be computed by
differentiating v¢(t) and integrating v (t), respectively.

Matrix I14(t) is determined from equation (3). Consequently, I14(t) = I(n—1)z(n—1), where
I(n—1)z(n—1) denotes the (n —1)x(n — 1) identity matrix. The next step is to specify submatrix
().

Using equation (3), §a(t) and §p(t) can be expressed as,

d d

Gat) = S [Ma®)r)], Gp(t) = - [Hpt)v(t)] (13)

The last row of equation (2) gives
d d
0 = Dpag Ma@)r(t)] + Dpp Mp(t)rt)] + Cpallat)v(t) + Gp (14)

Assuming that Dga, Dpg, Cpa, and Gg do not change much within a sampling interval,
they may be considered constant in this interval. Then, by integrating equation (14) with
respect to time, and solving for IIg, one obtains for ¢ within the sampling interval

Mp(t) =

[I/d(t)}T ¢ DBAHADd(U) + CBAHAI/d(O') + GpB
0 /0 [ o (15)

@] v

Having specified I14(t) = I(;,—1)z(n—1) and I1p(t) by equation (15), the reduced-order model
in equation (4) can now be used to compute pseudospace torque 7, (the inverse dynamics).
The joint torque 7 for an underactuated manipulator is then obtained from 7, = 77 :

TA . HXTTV
7] - %)
where HXT denotes the inverse of I1%. The calculated 74 is then applied to the actuated joints
of the manipulator to realize the tracking of the desired motion.
At the final time Ty of phase 1, ga(T1) = q4(tf), Ga(T1) = Op—1)z1, aa(Th) # qB(ty)
and ¢p(Th1) # 0. The determination of the control for the underactuated manipulator during
phase 2 will next be described.

—Dgp

4.3. Control in Phase 2

In order to produce a motion which is similar to the motion of the two-link planar
underactuated manipulator, the n-link manipulator motion must satisfy the conditions outlined
in Section 4.1. Therefore, one of the actuated joints and the unactuated joint have nonzero
joint velocities during phase 2; the rest of the joints are maintained at zero velocities by
appropriate joint torque inputs. It is noted, however, that the joints with zero velocities are still
considered in the algorithm, since these joints require a generalized input torque to maintain
the corresponding velocities at zero.

During phase 2, the actuated joint is driven by a cyclic input which causes the unactuated
joint to move towards the desired joint position ¢ (¢ #) by the mutual coupling effect between
the two joints. Let the subscript nz denote the variables corresponding to the actuated link
with a nonzero joint velocity; thus, for the actuated joint 4., velocity ¢,.(t) # 0, where
Iny € Sa.

Copyright (© 2006 Philippine Engineering Journal Phil. Engg. J. 2006; 27:43-64



FAULT-TOLERANT DYNAMIC CONTROL FOR MANIPULATORS 51

The motion during phase 2 consists of moving the joint (link) i, iteratively in a cyclic
manner so that after each cycle, gp[T1 + kT is closer to ¢%(t¢) and ¢p[T1 + kT approaches to
zero, while satisfying qa[T1 +kT] = q¢%(t;) and ¢a[Th + kT] = On—1)z1, for k = 0,1,2,....

The control steps in phase 2 are :

By the inverse dynamics in reduced-order space, 7, is calculated.
Using 117 = 7, the joint torque 7 obtained; 7 is then generated by the joint actuators

to track the desired trajectory.

1. The velocity profile ¢Z, () is chosen for the actuated joint i,..

2. The desired v-space velocity Vd(llf) is calculated.

3. T4 (¢) in matrix I = [II% TI5]T is determined by the first n — 1 rows in equation (3).
451. IIp(t) is computed by equation (3) and the last row of equation (2).

6.

The details of the phase 2 method will now be discussed.
Let t = T3lart, be the time at the beginning of phase 2; then, g4 (T5%t,) = q¢%(ty)

phase2 phase2
and ¢a(T37%%,) = O@m—1)e1- The velocity ¢4 (t) during phase 2 is chosen such that at
the end of each iteration, the joint position QA(TSZZ?Q + kT) = q%(ty) and velocity
ga(Taart, + kT) = Ogm_1)e1- The velocity ¢i,(t) for the actuated joint iy, is shown in

Figure 3, where ¢}** is the maximum velocity of joint ¢,.. Since only one of the actuated

joints have a nonzero velocity, the joint position ¢;(t) = ¢&(t;) and the velocity ¢;(t) = 0,
Toet, <t < tyforeveryi € Sa, i # in.. For convenience, the notation Tse"" , will
be dropped in the sequel.

gt (t) vs. time

0 Tig 2T/ 3T/ 4T/8 5T/8 6T/8 7Ti8 T
time[seconds]

Figure 3. Desired Joint i,. Velocity for Phase 2

The velocity of the unactuated joint of a two-link manipulator is derived in Appendix I when
the joint one velocity is that shown in Figure 3. The relationship between the velocity of joint
two at the beginning and at the end of an iteration cycle is given in equation (32). Since the
conditions presented in Section 4.1 are satisfied, the n-link underactuated manipulator during
phase 2 can be treated as a two-link underactuated manipulator. Equation (32) is rewritten
here as

ipl(k+ )T = ¢p(kT) + Adp(kT) (17)
Ada(T) = 42 sinlau (W)@ 'T | 2 coslan(RT)] ~ (15)
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where &k = 0,1,..., and constants as and as are determined by the link properties and qj(t )
It is noted that for a two-link manipulator the joint two position g5 is the angle between the
axes of links one and two. Furthermore, the links between joint i,, and the unactuated joint
of an n-link manipulator can be treated as one virtual link analogous to the link one of the
two-link manipulator. Now, gg(t) can be defined as

as(t) = q(t) + ¢’ (19)
where q%f fset is a constant dependent on the link properties and q%(ts). The requirement

that gp(kT) approaches ¢4(t;) is equivalent to the requirement that gpz(kT) approaches
ahty) = q4(ty) + q%ffset. In order to make gp(kT) approach g% (tf) and ¢z (kT) approach
zero at the end of each iteration, the following penalty function approach can be used. If
z(t) = [gs(t) ()T and 2¢(ty) = [q%(ts) ¢%(ts)]T, then one can define a criterion (a
penalty function C) which is to be minimized with respect to x(kT).

1
Cla(kT)] = Sla(ty) — 2(WT)]"W2"(t) — 2(kT)] (20)
where £ = 1,..., W = diag(W7,Ws), and Wy, W5 are nonnegative weighting factors.
Forming the first-order differential of equation (20) using Az = [Agp A¢g]?, one obtains
5 oc 1 0%C
C = —| Az(kT) + ;82" (KT) - | Ax(kT) (21)
9% | 1) 2 2% |, )

Since Agp(kT) = qp[(k+1)T] — @p(kT), one can write an approximation as

Agp(kT) = q¢p(kT)T + %AqB(kT)TQ (22)

Using equation (22) iin equation (21), and minimizing C with respect to Agp (KT) results in

Agp(kT) = —% (23)
where B, = — $Wilgi(ty) — as(KT)IT? — Walgh(tr) — q(KT)] + $Wigp(kT)T? and

ap = %(%Wszl + WQ)

After A¢p(kT) is computed by equation (23), ¢%* can be calculated from equation (18).
Since the sign of A¢p(kT) in equation (18) depends on the angle gg(kT), the minimizing
value of A¢p(kT) in equation (23) may not be feasible due to the sign constraint in
equation (18). In this case, ¢72** is selected as zero. It follows that A¢p(kT) = 0. Thus,
gg[(k+1)T] = ¢p(kT) # 0 which allows the unactuated joint to move to a different
position. The value ¢}** is maintained at zero until the unactuated joint moves to a position,
where Agp(kT) by equation (23) is compatible with equation (18).

After ¢%* has been calculated, the velocity profile ¢¢_(t) in Figure 3 is now specified.
Furthermore, the desired velocity for joint 4, i € Sa, i # in is chosen as ¢f(t) = 0.

The next step following the determination ¢%(t) is to specify the pseudospace velocity
v?(t). Since only one actuated joint has a nonzero velocity, v(t) = ¢¢(t) = 0 for every
i € Sa, i # in.. However, from equation (3), in order to have ¢Z_(t) # 0, the desired v-space
velocity v%(¢) must be nonzero. It can be chosen as a straight line satisfying v2,(kT) = ¢p(kT)
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at the start of the iteration, and v¢_[(k + 1)T] = eqp(kT) at the end of the iteration, where
e is a small positive number. After ¢4(¢) and v%(t) have been specified, submatrix IT4(t)
can be determined to satisfy equation (3). Since the inverse transpose of I14(t) is needed
in equation (16), matrix II4(¢) must be nonsingular. II4(¢) can be selected as a diagonal
matrix with nonzero diagonal elements satisfying equation (3). Based on ¢¢,(¢) and v2_(t),
and vi(t) = ¢4(t) for every i € Sa, i # ins,

HA = diag(dldea s 7dn71)

_ .TdLZ(t)/ng(t) L= ip (24)
di = {(i i=1,...,(n—1), i # in,

IIg(¢) is then computed by equation (14) during phase 2. It is noted that I14(¢) varies with
time. Assuming that D4, Dpp, Cpa, and Gp are approximately constant within a sampling
interval, integrating equation (14) with respect to time and then solving for IIg gives for ¢
within the sampling interval,

DBAHAI)d(U) -+ DBAﬁAVd(J) + CBAHAI/d(U) + Gp

do
—Dpp

RO
Hs(t) = [ud(t)]Tvd(t)/o
(25)

After I1(t) has been specified, the v-space torque 7,, can be computed using the reduced-order
model in equation (4). The underactuated manipulator torque 7 is computed using equation
(16). Then, the calculated value of 74 is applied to the manipulator.

The application of the proposed two-phase method to the control of a PUMA 600
manipulator will next be described.

5. PUMA 600 ARM SIMULATIONS

The proposed two-phase approach will be applied to the motion control of the PUMA 600

manipulator. The control problem is as follows : the end-effector position p = [p, p, p.|T of
a PUMA 600 Arm is to be moved from an initial position p(0) = [0.125 — 0.235 0.806]7 m
to a desired position p(t) = [0.594 0.288 — 0.393]7 m, in time t; = 35 s. At the

start of the motion, three kinematic equations relating the end-effector position to the joint
position are considered when solving for the joint variables. The initial joint position ¢(0) is
calculated from the inverse kinematics; thus, ¢(0) = [-1.57 —1.05 1.05 0.20 3.00 0.52]% rad.
The initial joint velocity ¢(0) = 0g,1 rad/s. Before the failure, the joints are driven to the
desired position G(ts), where g(ts) satisfies the kinematic equation p(ty) = f[g(ts)]. Then,
Gl (ty) = [0.19 1.07 0.44 1.11 1.64 0.70]” rad. At time t; = 2.5 s, the fifth joint actuator fails
(i.e. it stops producing a torque), while the other joints are actuated during the entire duration
of the motion. After the failure of the joint five actuator (¢ > t;), the conditions of Section 4.1
must be taken into account in order to design a controller for the specified task. Specifically,
q%(ty) is computed such that the unactuated link five moves in the horizontal plane = = pZ(ts).
The six components of the desired joint position ¢¢(¢ ) is calculated using the three kinematic
equations p?(t;) = flg?(t)] and the two constraint equations h[g?(t;)] = 02,1 in equation
(11). Thus, ¢%(t;) = [0.26 1.05 0.52 1.57 1.96 0.78]7 rad.
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The application of the proposed control algorithm is illustrated by simulations on a PUMA
600 manipulator. The numerical values of the link parameters of the model used in the
simulations are given in [11]. A sampling period of 10 ms is used in the simulation runs,
and Ty = 5sand T = 1 s. The weighting factors are W; = 2, Wy = 1,and e = 1073,

Furthermore, @s/a; = 1.0869 and q%ffset = —0.1910 rad from Appendix II.
At the start of the manipulator motion, all joints are operational. The joints are driven to
the desired position ¢(t7). However, at time ¢1, the joint five actuator fails; thus 75(t) = 0

for t > t; s. For phase 1, before the joint actuator failure, the graphs of the joint positions,
velocities and torques for joints one and five are shown in Figure 4. From the graphs of ¢; (¢)
and ¢5(t) for t € [0,t1) s, it can be seen that joint velocities track the desired trajectory shown
in Figure 2. However, for time t > t;1 s, 75(t) = 0; then, the fifth link is a free-swinging arm.
The objective is to design a controller that allows the manipulator to perform the specified
motion in spite of the failure.

Since the p € RS3, the DOF of the specfied task is m = 3. The DOF of the manipulator
ism = 6; thus, the DOR » = 3. Therefore, the manipulator should be able to perform
the desired task even though the actuator on joint five is nonfunctional. It is accomplished by
using the two-phase controller described.

In this case, g4 = [q1 ¢2 ¢3 ¢4 ¢6)7, B = @5, and 74 = [11 7o 73 T4 76)T. The submatrices
in equation (2) are specified accordingly.

After the failure, the actuated joints are moved in phase 1 to the desired position
¢4 (1) = q%(ty) using the method described in Section 4.2. Figure 4 graphs qi(t), ¢1(t)
and 71(t) for phase 1. It can be seen that the position and velocity of joint one at the end
of phase 1 are ¢;(T1) = q{(tf) and ¢1(T1) = 0, respectively. The graphs of the positions,
velocities and torques for joints two, three, four and six are similar to those obtained for joint
one. The graphs of gs5(t), ¢5(¢) and 75(¢) for the unactuated joint five are shown in Figure 5.

During phase 2, the joint one has a nonzero joint velocity, while the other actuated joints
have zero velocities. Using the method described in Section 4.3, joint five is driven towards
the desired position ¢&(ts) in phase 2. The joint positions, velocities, and torques for joints
one and two are graphed in Figures 6 and 7, respectively. It can be observed from Figure 6
that 1(5) = qi(6) = qi(ty) and ¢1(5) = ¢1(6) = 0. Figure 7 displays the torque (%)
required to keep the velocity ¢g5(t) = 0 for phase 2. Graphs similar to those in Figure 7 are
obtained for the positions, velocities and torques of joints three, four and six. Figure 8 graphs
g5(t), g5(t) and 75(¢); it shows the motion of the unactuated joint due to the coupling effect.

Figures 9 and 10 display the joint position ¢(t) and velocity ¢(t), respectively, over the
duration of the motion . They show that the unactuated joint position gs(¢) approaches to
qd(ts) and g5(t) to zero, while the actuated joints are at the desired positions ¢4 (¢s), and the
velocities are zero, at the end of each iteration.

6. DISCUSSION

The control of the underactuated redundant n-link serial manipulator is accomplished by using
a two-phase method (assuming there are no brakes on the joints). The redundancy permits
the manipulator to perform the desired task even if a free-swinging joint faiulure occurs during
the motion. A constraint equation is derived which forces the unactuated link to move in a
horizontal plane. Then, the desired joint position ¢¢(¢ ) is solved from the kinematic equation
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Figure 5. Graph of ¢5(t), ¢s(t), 75(¢) vs. time for Phase 1

%)

and the constraint equation. Furthermore, the redundancy allows the derivation of a low-order

dynamical model (reduced-order model) for the manipulator.

Using a two-phase control scheme, the actuated joints and the unactuated joint are driven
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Figure 7. Graph of ¢2(t), ¢2(t), T2(t) vs. time for Phase 1

to the desired positions in two independent stages. The separate control of the actuated joints
and unactuated joint simplifies the overall control approach. In the control of the actuated
joints in phase 1, the motion of the unactuated joint is not considered. When controlling the
unactuated joint in phase 2, the control problem for the n-link underactuated manipulator is
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Figure 9. Graph of ¢;(kT), i = 1,...,6
approached from the perspective of a two-link manipulator.
In phase 1, the actuated joints are moved to the desired position qi(t ¢). During phase 2,

the unactuated link is driven to the desired position q% (t) by the coupling effect. The phase
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1 and phase 2 methods use the reduced-order model of a manipulator to determine the control
inputs to the actuated joints. The transformation matrix II is determined from the desired
joint and reduced-order space velocities, and the nonholonomic dynamic constraint imposed
by the unactuated joint. In the previous reports [6, 13] on the control of underactuated planar
manipulators, partial feedback linearization is used as an initial step in the analysis of the
systems. Although this is a straightforward approach, the derivation of the partial feedback
linearized system often requires non-trivial symbolic manipulations of the dynamic equations.
The use of the reduced-order model avoids the need for partial feedback linearization. Also,
the reduced-order model simplifies the extension of the algorithm to the six-link manipulator
case.

Furthermore, the expression for Ags in equation (32) is derived based on the dynamics
with ¢y treated as the input. In [6], a similar expression for Agy is derived using nilpotent
approximation. However, to obtain a nilpotent approximation for a system, a set of
priviledge coordinates must be constructed to transform the original system to the nilpotent
approximation form. The construction of a set of priviledge coordinates for a system without
drift is outlined in [1] and applied to mobile robots. It is felt that the approach presented
here is easier to use. Thus, the control algorithm presented offers an advantage in controlling
an underactuated manipulator and it is an attractive method to achieve a dynamically fault-
tolerant operation.

0.15 ; . :
oal : R ]
0.05 1
0
F“ kT
‘g 005}k - q1(kT) |
— . : G2(kT) .
& g5 (kT) .
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Figure 10. Graph of ¢;(kT), ¢« = 1,...,6
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7. SUMMARY AND CONCLUSION

The control objective is to move the end-effector from an initial pose to specified final pose. The
redundant manipulator is required to accomplish the desired task even if a joint failure occurs
during the motion. The dynamics of an underactuated manipulator is described using the
reduced-order model. The conditions and degree of redundancy necessary for the manipulator
to achieve fault tolerance are discussed. The reduced-order model is then used to design
controllers for an underactuated n-link serial manipulator. The manipulator end-effector is
driven to the desired pose in two control phases. During phase 1, the actuated joints are
moved to their desired joint positions. In phase 2, a cyclic control input is applied to one of
the actuated joints; the coupling effect iteratively drives the unactuated link to the desired
joint position. The proposed two-phase method allows the manipulator to achieve the desired
goal in the case that an actuator of a redundant manipulator fails. The control method is
illustrated by simulations of a PUMA 600 manipulator.
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APPENDIX
1. Derivation of Equation 9

The dynamical model of the two-link underactuated manipulator moving horizontally is given

as
T | _ | Du D G Cn Cri2 G (26)
0 Do Das G2 Co1 Co [ip)
where
D1 = a1+ 2as COS((]Q) Ci1 = —2as sin(qg)q'g
Di2 = a3+ azcos(ga) Cia = —azsin(g2)da
Dy = Dao Co1 = azsin(g2)qy
Dy = a3 Ca = 0
ar =mil2/4+mo(I3 +13/4) + I + I
ag = m2l1l2/2
as = m2l§/4—|—12
The joint position variable is defined as ¢ = [q1 2|7 and the torque applied to the first
joint is represented by 7. The constants m;, l; and I; are link parameters with ¢ = 1,2.

The accessibility property of the system represented in equation (26) can be checked using Lie
algebra [8].

The derivation of Ags is based on the second equation of the dynamical model in equation
(26). Writing out the terms and solving for ¢, gives

.. as + ascos(qa(t) .. as sin|qa(t)] .

ity = - el ) eilell (27)
a3 as

Using the joint one velocity profile in Figure 3, ¢1(t) = =+ ¢***/(T/8). To simplify the

integration of equation (27), the joint one velocity profile is divided into eight time segments
of length T'/8. The contribution of each segment is computed as follows. Integrating equation
(27) for one time segment gives,

as + ag cos[gz2(nT/8)]

Gl(n+1)T/8] = ¢2(nT/8) — o Ci
ap sinfga(nT/8)] (¢7"**)* T
B as 3 g (28)
Integrating again yields
pln+ VT[S = p0T/8) + @0T/8)y
_ag +agcos[ga(nT/8)] (£¢7"*) T'
as 2 8
as sinfgy (nT/8)] (d7"**)* (T'*
B as 12 <8> (29)
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To simplify notation let § = @(nT/8), 4™ = ln+ T/S) @ = @(T/s),
i3 = go[(n + 1)T/8]. Dropping the higher order term in equation (29) and rewritting the
equations,

1 o as + a2¢o8(¢%) , | .rmaw as sin(g}) (¢e)2 T
= ¢ - 22—« - T 20
dy a3 a3 C o 53 (30)
T ag + az cos(qy) (£¢7*) T
n+1 mn n 3 2 2 1
N 8 3 31
q2 q2 + q2 8 a3 5 3 ( )

Approximately, cos(d + Af) = cos(f) — sin(0)Af and sin(0 + Af) = sin(f) + cos(f)A6.
Using equations (30) and (31) iteratively for each time segment yields the following expression

. . as . . as 1
@5 = 45 + —sin(g9)(d{"**)°T | = cos(q3) — = (32)
4a3 as 3
where ¢ and ¢9 correspond to initial joint two position and initial joint two velocity at the
start of the phase II iteration, respectively. The variable ¢§ corresponds to the final joint two
velocity at the end of each phase II iteration.
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II. Constants : ag, ag and qoff“t

In order to implement the phase 2 control scheme, the constants o, @3 and qof Fset in equations
(18) and (19) are computed. These equations determine the motion of the unactuated link when
a cyclic input is applied to an actuated joint. Before proceeding, the following notations will
be used to simplify the discussion.

1. The rotation of link i, is about the z.-axis, where ¢ = 4,, —
2. The variables associated with the unactuated joint are denoted ‘with the subscript ua;

then, quq(t) = gp(t) is the position of the unactuated joint 4,4 at time ¢. The rotation
of link 4, is about the z¢-axis, where f = 4,, — 1.

The constant as in equation (18) will be determined based on the definition of a3 in equation
(26). Thus,

ao lAlB Z m; (33)
J = tua
where m; is the mass of link j.
Constant [4 in equation (33) is the perpendicular distance between the z.-axis and the
zp-axis, with r < s, as shown in Figure 11.

fth coordinate frame

eth coordinate frame

Le

Figure 11. Coordinate Frames Used for Determiningas and as

Then, expressing the origin of the fth coordinate frame O in eth coordinate frame as

p°(Oy),
p(05) = [pE(05) p(O5) p5(05) 1] = Al(@)[0001]" (34)

Now the length [4 can be calculated as [, = \/[p;(of)]2 + [P5(0y)]2.
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Constant [p in equation (33) is the perpendicular distance from the zp-axis to the
composite center of gravity of the links between the unactuated joint and the end-effector.
Let &; = [%; §; z)T be the center of gravity (CG) of the ith link in ith coordinate frame for
twe < i < mn. Using the transformation matrix A?(q) to express ¢; in the fth coordinate
frame yields for i,, < i < n,

HEECIHN (35)

where E{ is the CG of the ¢th link in the fth coordinate frame. Then, the composite center of

gravity Eé = [a‘:é gjjfg Zé]T is given by
1 n
oL of
B mpg lz: G
Thus, Ip in equation (33) is calculated as lp = (EJI;,)2 + (17]’;)2.

After calculating the constants I4 and [p, @ in equation (33) can now be obtained.

Constant ag in equation (18) will be determined based on the definition of a3 in equation
(26) Thus, a3 = Dy, © = iya,

where D;; is the (7,7) element of the pseudo-inertia matrix D(q).

Constant ¢%7*“* used in equation (19) will next be derived. In a two-link planar manipulator,
The joint two position ¢- is the angle between the axes of links one and two in a two-link planar
manipulator. Thus, §g in equation (18) is the angle between the line O.O¢ and the axis of
link 7,4 as shown in Figure 12. Then,

qB = of + Qua — ooffset (36)

where 0, fset is the angle between the x;-axis, i = 4yq, and the axis of link 4,,. Furthermore,
0y is the angle between the line O.O; and the zs-axis. It is noted that 6, fse; is dependent
on how the coordinate axes are defined for a specific manipulator. A comparison of ¢g in
equations (19) and (36), and noting that ¢gg = gua, gives

a7 = 05 — Oorfee (37)
To determine 0, a point #; = [1 0 01]7 on the z-axis is expressed in the eth coordinate

frame. Thus,
[0S (p) D5 (@) po(@s) 1) = Al(@)iy (38)

Then, 0f can be computed as

(Tf) — po(O °(O
0, — tan~" pZ(Af) PZ( f)} el {Pz( f)] (30)
p(2y) — pe(Of) p5(Oy)
where pg(Oy) and py(Oy) are specified in equation (34).
This section determines the general expressions for the constants as, az and q;’gf Fset yised

in equations (18) and (19). During implementation, the coordinate transformation matrices
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link 7.,

theta_s

dB -
xr;
L= iy
Hoffset e
o Oy
0, & = e

eth coordinate frame

Te

Figure 12. Coordinate Frames Used for Determining g% /***

Al(q) appearing in the derivations in this section are evaluated the using the desired joint

position ¢%(ts); then, @z, a3 and q%ffset are calculated.
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