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ABSTRACT

The analysis- of @ mass-spring-damper system model shows a variation in the derived equation of the
dynamic force transmitted compared to that of the applied force when the model is subjected io a sinusoidal
displacement load. Upon substitution of values, the force-time history plot shows a possible increase in the
transmitted force. This can be seen as the tilting of the principal axis of the corresponding hysteresis loop
which. zmpbes an increase in stiffness. This phenomenon was observed during the lesting of the LOAD
DISTRIBUTION ard ENERGY-DISSIPATING (LDED) device. The LDED device is eﬁecttve in transmitting
striciure generaled forces while dissipating a portion of the energy induced during earthguakes.

1. Introduction

The mass-spring damper system has been extensively used in modeling single-degree-of-
freedom and multi-degree-of-freedom systems in civil engineering when considering structural
response to dynamic motion. The mass, assumed to be rigid, represents the mass of the system
under consideration. The linear spring represents the stiffness of the system while ‘the viscous
damper corresponds to the inherent capability of the system to dissipate energy. Although the
_cmrent emphasis on most research work is on modeling the behavior of inelastic systems, the mass-
spring-damper system with its inherent asswmnption of linear behavior has proven to be an effective
tool in developing principles and explaining physical behavior of systems subjected to dynamic
- loading.

In this paper a mass-spring-damper system model subjected to a sinusoidal displacement load
was analyzed - the equation of the transmitted force at steady-state condition was derived. This
formula was compared with the derived equation for the applied force on the other end of the
model. The force-time history plot shows an amplification of the transmitted force, and the
" hysteresis loop shows an increase in stiffness.

This phenomenon was observed during the testing of the LOAD DISTRIBUTION and
ENERGY-DISSIPATING (LDED) device. The LDED device is a special form of energy-
dissipating device because it not only dissipates a significant amount of energy from the structure
but also enhances the lateral load distribution of earthquake generated forces by effecting load
sharing among the substructure components, This dual function is made possible because of the
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two major components of this device, namely: 1. the stiffening component which consists of a
piston inside a cylirider housing filled with silicone putty - a material which easily deforms under
slow loading but hardens when subjected to high-frequency loads, and 2. the damping component
consisting of hlgh-dampmg rubber vulcanized in-between two metal cylinders.

2, Analysis of Mass-Spring-Damper System Model

Figure 1. Mass-Spring-Damper SySfem Model

Figure 1 shows the mass- spring-damper system model, it consists of a central mass m, a
~ spring of stiffness k; on the left end of the mass and a spring of stiffiess k; and a damper with
damping ¢ (in parallel) on the right end of the mass. Another body applies the sinusoidal
. displacement loadmg_on the quel '

It is the steady-state response of the model that is of interest. Spetifically, the transmitted
dynamic force to the fixed support. First the model was. analyzed as shown - Model Case 1, the
equation of the steady-state transmitted force was determined: In order to determine the steady-
state response on the other end of the model, the model was reversed - Model Case 2.

Model Case |

Figure 2. Mass~Spring—Damber System Model
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The free-body diagram of mass m,

Ky (r=>g)

cly—-Fe)

Figﬁre 3. Free—Body Diagram of mass m

Summation of forces yields,
m i mp—c(¥=3 )~k (y-y)+ky=0
@ o my—cy—(k, —k)y=—(cy, +k, y,)

Noting that y (¢} = y, Sin @ and therefore y_(f) = @ y, cos @t
3) ' _ my — ¢y — (k, ?k,)yz—(cwyo coswit+k, y,sinamt)

Equatien 3 can be simplified into,

@ my —cy~(k, —k,)y = F, sin(@ t + )
where, 7
ctw
tan g = E"'

Fy=~yof(ca) +(k,)’

Because of displacement controlled loading, we are only interested in the steady-state response of
the model. This is determined by solving for the particular solution ¥p of equation 4.

Assume

y,)=Csinat+C,coswt

If we use -
' e =coswt+isinmt

then equation 4 becomes,

¢ my ¢y —(k, ~ k)y = F, "™
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y = Cei(m‘1+ﬁ)

r
(6) ¥, =Ciwe™?
}-} — wa2ei(wl+ﬂ}
P

Substituting equations & into equation 5,

-mCwo’ —ciw C—(k, —k,)C = F,

7 C= —5
( - me’ vicw +(k, — k,)
Therefore,
_ Fbei(m.'+ﬁ)
& Yo

" ma’ +(k, — k) +icw

By using polar coordinates, this equation can be expressed in trigonometric form. Taking only the
imaginary part of the solution,

Fysin(@t + B-6)

® y, = _
" ma? + (k- k)T + (co)’
where,
Cw
tang =

"oma? +(ky - k)
Therefore, the steady-state solution is,
(10) * Y, =hsin(wt+p-6)

where,

J’o\)(cw)z +(k, )2

Jma@? +(k, - k)] +(cm)?

¥ =

The force transmitted fo the support, considering steady-state response is,

S -f:f' = f\‘ = ki yp
(i) =k Ysin(@mt+L-6)




with the maximum value of f,.(¥) over time as,

(12)

o =k ¥ = ko (cm)? +(ky)*
To — M4 T
° J

[ma@” + (k, — k)] + (cw)*

Model Case 2

Figure 4. Reversed Mass-Spring-Dariiper System Maodel

The free-body diagram of mass m,

Figure 5. Free-Body Diagram of mass m

Summation of forces yields, _

(13) mp+ey+k,y—k(y-y)=0

(14) my+cy+(k, —k)y=-ky, =-ky,sinot
Recalling that '™ =cos@t+isin wil, equaﬁon 14 can be expres;.ed as

(15) my+cy+(k, —k))y =~k e'iq".-,

After substituting Y = Ce'™" into equation 15 and simiplifying, we get

-mCo? +ciwC+(k2 —kl)C=—k; Yo




—k ¥,

(16 C=
(1) —ma® +icao+(k, —k)
Therefore,
—k eiw!
an y, 1Yo

Tk —k)-mo’ vicw

Again by using polar coordinates, this equation can be expressed in trigonometric form. Taking
only the imaginary part of the solution,

: ky.sin(wt+t9)
a8) | y, =—= _...1 0 _272 -
) Jitk, — k) —m@?®) +(cw)
'Where, _

' cw
tané, = : :
o ma’ —(k, ~ k)
Therefore, the steady-state solutjon is,
(19) Y, =L sin(@t+0)
kYo

whete,

Y2 =
Ik, k) —m@* T +(cw)?

Noting that tan (-&) = -tan &, we can express the particular solutions as,

(20) y, =Y sin(@-6,)

where,
cio

(ky — k) —mo’

tan@, =

The force transmitted to the suppott, considering éteady-state response is,

gT:fs'+fD:k2yp+cyp

=k, Y, sin(@t—6,) +cY,wcos(w!— @)

@1 =Y, J(ca)’ +(k,)’ si( @t + f— &)




where

an cw
an ff = —
k,

with the maximum value of g/{#) over time as,

2 (2,), = kiyo(cm)” +(k,)

ik, k) —ma’ ) + (cw)?

3. Comparison of Computed Results

Comparing the derived equations of the transmitted force, equations 12 and 22, shéws that a
difference exists in the denominator of the coefficient of the sine function and also a slight
difference in the expression for &, and &,.

To facilitate comparison of the derived equations of the transmitied force, values were
plugged in and the results compared using Mathcad 2000 Pro. The values used in the computation
are m = 5.1, k; =550, k; = 1250, ¢=21.185, yy= 25 and @=2.51. Figure 6 shows the plots of
the transmitted force vs. time of equations 11 and 21 superimposed on each other. Figure 7 shows
the hysteresis loops.

Figure 6. Transmitted Force-Time Histary

;sz‘-}_g,;cp
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Figure 7. Hysteresis Loops
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It can be seen from the plots that a variation on the transmitted force exists, an amplification

occurred. Figure 7 shows the tilting of the principal axis of the hysteresis loops which can be

interpreted as an increase in stiffhess. From the equations derived, it can be seen that the difference
in the magnitude of ‘the force is dependent on the relative magnitudes of (k, - k) and ma’. When

(kz - k) is substantially greater than m#’ then equations 11 and 21 are almost equal and the

variation in the force is negligible. This is seen in Figure 8 which was plotted with the same values
except that &, = 12500, i.e. ten times the original.

Figure 8. Hysteresis Loops

The computed values of @, =- 0.079 and &; = - 0.073 from the given data are almost equal such
that the effect of the change in the angle is negligible. However, using Mathcad one observes that
an increase in the angle & results in an increase in the hysteresis loop area which represents the
amount of energy dissipated during a cycle. Figure 9 shows the hysteresis.loops for f{z) when 8, =
- 0.2 and g() when & = - 0.073.

Figure 9. Hysteresis Loops

4. The Load Distribution and Energy-Dissipating Device

The LDED device is a special form of energy-dissipating device because it not only
dissipates a significant amount of energy from the structure but also enhances the lateral load
distribution of earthquake generated forces by effecting load sharing among the substructure
components. The LDED device is especially suited for application to continuous girder bridges
supported by piers having movable supports. ' ' ,
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The LDED device allows the transfer of lateral load from the continuous girder bridge to
piers having movable supports during sudden or impact loading while dissipating a portion of the
energy gene_rated especially during large earthquakes.

All these are madé possible because of two major components of this device, namely: 1. the
stiffening componént which consists of a piston inside a cylinder housing filled with silicone putty -
a material which easily deforms under slow loading but hardens when subjected to high-frequency
loads, and 2. the damping component consisting of high-damping rubber vulcanized in-between
two metal cylinders. Figure 10 shows the schematic of the device.

Figure 10. Load Distribution & Energy-Dissipating Device

5. Testing System

To determine the mechanical propertiés of LDED device, tests were made on a test rig that is
capable of subjecting the device to generalized horizontal displacement-controlled and force-
controlled loadings. The schematic diagram of the test set-up is shown in Figure 11

Figure 11. Schematic Diagram of Testing System

The device was rigidly connected to a load cell whicl measures the axial force on the system.
The load cell, on the other hand, was rigidly connected fo the base block. The electro-hydraulic
servo-actuator which applies the axial load to the device was mounted on a rigid reaction wall. The
hydraulic actuator has a maximum dynamic load capacity of 20 tonf and is capable of a maximum
stroke of + 10 cm.
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6. Test Results

The device was subjected to constant amplitude displacement waves of different frequencies.
The amplitude of the displacement wave was 25mm. The tests were carried out at different
frequencies ranging from 0.0001 to 1.0 Hz. For a complete report on the findings regarding the
behavior of the LDED device refer to the main author’s thesis [Hernandez, 1998].

The hysteresis loops of the device head (end with stiffening component) and the device tail
(end with the damping component) were super-imposed upon each other for comparison. Figure 12
shows the plotted hysteresis loops which reveals a behavior similar to the mass-spring-damper
system model under consideration.
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Figure 12. LDED Device Head & Device Tail Hysteresis Loops
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7. Conclusien and Recommendation
\

The formulas derived from analysis of the mass-spring-damper system model considered in
this paper showed a possible increase of the transmitted force which is clearly seen in the force-time
history plots. The tilting of the hysteresis loop about its principal axis implies an increase in
stiffness. The amount of increase is dependent on the relative magnitudes of (&, - k), i.e. the
difference in the stiffnesses of the two springs in the model, and m@’ - the product of the mass
and the square of the frequency of loading. If (k;- &) is very much greater than mw’ the
difference in the transmitted force is negligible.

It was shown that the behavior of the LDED device observed during testing closely
resembles that of the model. In other words, the mass-spring-damper system model can be used as
a simplified model of the LDED device. However, there is a need for a parametric study in the
determination of the stiffness &, which represents the effect of the stiffening component of the
“device. k; Is dependent on several parameters, including the properties (in particular, the
viscosity) of the silicone putty used, the frequency of loading, and the orifice size - (R - ) where R
is the radius of the cylinder housing and r is the radius of the piston.
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